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Abstract. The lacunarity is an interesting property of a formal series. We say a 
series is lacunary if "almost all" of its coefficients are zero. In this article we considered 
about the lacunarity of some eta-products like ri(z) 2 r](bz) 2 , and proved that they are 
' lacunary if and only if b e {1,2, 3, 4, 16}. Then We write them as linear combinations 

of some CM forms. 

o 

1. Introduction 



The Dedekind eta-function, defined as: 



> 



?5: m:=Jlv(Szy = ^1111(1 



n{z) :=q^X[{l-q n ) 



n=l 

where q = 2tciz, plays an important role in modular form theories. Moreover, as the 
generating function of the Partition Function p(n): 

oo oo 
n=0 n=l 

r](z) is also very useful in partition theory and combinatorial theory. So are the eta- 
quotients, defined as the products and quotients of some eta functions: 

O 



qSny s 



6 n=l 5 



CO 

^ ! where 5 are positive integers, and r$ ,related to 5, are non-zero integers, s := ^ 5r$. 

When all r$ are positive, f(z) is also called eta-products. 

An interesting property of a series ^^L a{n)q n is the "lacunarity" . A series J2^Lo a ( n )q r ' 
is said to be lacunary if " almost all" of its coefficients are zero, that is: 

tt{0 ^ n < X : a(n) = 0} 



X 
H 

C3 ■ lim 



X^oo X 

By far, there have been many researches on the lacunarity of eta- quotients. For example 
in [1], Serre proved that given a positive even integer r, n(z) r is lacunary if and only if 

r G {2,4,6,8,10,14,26}. In [2], Clader discussed the eta-quotients in the form , 
and proved the only 19 cases when they are lacunary. In [3], Martin researched the 
lacunarity of eta-quotients which are Hecke eigenforms. In this article, we discuss the 
eta-products in the form n(z) 2 r](kz) 2 , and prove the following theorem: 

Theorem 1 Let fb{z) '■= n(z) 2 ri(bz) 2 , b is a positive integer and has no square integer 
divisor except 2,3. 23 { b. Then fb{z) is lacunary if and only if b G {1, 2, 3, 4, 16}. 
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We will prove this theorem in section 3, using the theory of modular form and CM 
forms. After that, we will give the method of computing the coefficients of f b (z) when 
it is lacunary in section 4. 



2. Preliminaries 



The Dedekind eta-function r)(24z), as we know, is a weight | modular form on r (576), 
with Nebentypus character Xizij 1 ) := (^) • As consequence, the eta-quotient may be 
modular form on some modular group. In fact, we have the following theorem from 
Ono[4]: 

Theorem 2.1 If f(z) = YIs\n vi^Y 8 is an eta-quotient with k — \ J2 S \ N rs, with the 
additional properties that 

Sr s = (mod 24) 

S\N 



and 



then f(z) satisfies 



x ^ N 



S\N 



f 



az 



(mod 24) 



X (d)(cz + d) k f(z) 



for every 
where s 



a 

c 

n 



b 
d 

5\N ' 



CZ + d y 

r (N). Here the character x is defined by X (d) := (^), 

Moreover, if f(z) is holomorphic (resp. vanishes) at all of the 

cusps of r (AO, then f(z) G M k (T (N), X ) (resp. S k (T (N), X )). 

After theorem 2.1, we can easily get the following lemma about fb(z): 
Lemma 2.2 Let f b {12z) := r](\2z) 2 7](l2bz) 2 as above. Then f b {\2z) e 5 2 (r (1446)). 
We still need the theory of CM forms. The basic idea of CM form can be found 
in Ribet[5]. Let K be an imaginary quadratic field of discriminant D, and Ek be the 
quadratic character associated to K. Next, let c be a Hecke character of K with exponent 
k — 1 and conductor f c . That means, view c as a homomorphism: 

(fractional ideals of K prime to f c ) — > C* 

we have 



a 



k-l 



c((a)) 

for all a G F* such that a = 1 (mod* f c ). 

Next, associated to c, define a Dirichlet character u c mod N(f c ) as: 

u c (n) = c((n))/n k - 1 

for all n G Z coprime to f c . N(f c ) denotes the norm of f c . 
For any 5 G Z + , define series ipk, c ,s as: 

a 

where the sum runs through all integral ideals of K coprime to f c . Then, by theorem 
3.4 in [5], tpK,c,s is a cusp form of weight k and character u c ■ Ek on T (5 ■ \D\ ■ N(f c )), 
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moreover, (Pk,c,s is an eigenform for all Hecke operators T p in which p \ 5- \ D\ -N(f c ). So, 
in order to make (Pk,c,s to be an element in Sk(T (N),e), the following two conditions 
are necessary and sufficient: 

S-\D\.N(f c ) | N 
w c • Sr — £ 

All possible y?x,c,<5 satisfying the above two conditions generate a subspace of Sk(To(N), e), 
which denoted as S k m (T (N), e). Then, by Serre[6], an element of Sk(T (N),e) is lacu- 
nary if and only if it is an element of S^ m (T (N), e). 



3. Proof of Theorem 1 



With the above theory, we know that fj,(12z) is lacunary if and only if fb(12z) = 
J2<Pi G S , 2 m (r (1446), e), where ipi are some suitable <£k,c,&- First we have the following 
lemmas: 

Lemma 3.1 fb{V2z) = as above, 6 as in Theorem 1. Then as a CM form, (pi 

can only be associated to one of the following four fields: Q(y/— I), Q(\/— 2), 3) 
and Q( v / ^6)- 

Proof Assume ifi is generated by Q(y/~D), k, f c and ek, oj c . So we have \D\ ■ 
N(f c ) 1 1446, and oo c ■ Ek = Ijv, where 1^ is the trivial character on r (1446). By 
w c • £k = Ijv, if there is some prime p ^ 2,3 such that p | \D\, that is p is a divisor 
of the module of character ek, so p must be a divisor of the module of character uu c , 
too. But we already know that u c is a Dirichlet character mod N(f c ), so there must be 
p | N(f c ), and p 2 | |D| • iV(/ c ) 1 1446. This is a contradiction to our assumption that b 
is a square-free integer. This completes the proof. □ 

Lemma 3.2 ^ is a CM form associated to Q( V / ^T), Q(v /= 2), Q(v^3) or Q( v /= 6)- 
T 2 3 is the usual Hecke operator T p with p = 23. Then y?j|T 2 3 = 0. 

This lemma is obvious because 23 remains prime in each of those four fields, so the 
23-rd coefficient of ifi must be zero. Combined with the fact that ifi is an eigenform 
of T 23 , and the computing formula of T p : a n (T p (f)) = a np (f) + x{p)p h ~ la n/ P {f), this 
lemma can be easily obtained. □ 

Lemma 3.3 /&(12z) = ¥i as in Theorem 1. Then if 6 ^ 176, fb(12z) cannot be 
lacunary. 

Proof By Lemma 3.2, if f h (\2z) is lacunary, then f b (12z)\T 23 = 0. We will show 
that if 6 is large enough, fb(12z)\T 23 cannot be zero. Denote fb(12z) = q 1+b LJ^ =1 (1 — 
q l2n f{l - q l2bn f = J2™ =1 a(n)q n and Yl^ii 1 ~ tf = ELH")?" If n < 12b i then 
a(n) has nothing to do with (1 — q 12bn ) 2 , so we have a{n) = 6( w ~^ 2 +6 - > ). Denote T 23 (f) = 
J2^ =1 c(n)q n , Using the formula of T p , we have c(n) = a(23n) + p ■ a(n/23). When 
23 \ n, c(n) = a(23n) = 6( 23 "~ 2 1+ ^ ). In order to make 23w ~^ 1+6 - > an integer, we need 
n = —(1 + 6) (moo? 12). If there exists some c(n) 7^ 0, then /&(12;z)|723 7^ 0. In summary, 
after three conditions: (1) 1 + 6 < ra< 126; (2) 23 \ n; (3) ra = -(1 + 6) (mod 12); If 
there exists such n that 6( 23 "~^ 1+b ) ) ^ 0, then fb(12z) cannot be lacunary. 

Let no be the smallest n that makes 23w ~^ 1+6 - > an positive integer. So 23re ~^ 1+fe ) e 
{1, 2, 3, . . . , 23}, and when n ->■ n + 12, 23n ~j, 1+6) ->■ 23 "~ ( 2 1+fe) + 23. Obviously, in 
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n + 12t, t = 0,1,2, ... ,22, these 23 numbers, only one can be divided by 23. We list 
the first 1000 coefficients of b(n) in appendix I. 

From the table of b(n) above, we only need t ^ 5, then there will be at least two 
numbers not equal to zero in each column, except the 21st column, which we will 
discuss later. So there must be at least one number that suits 23 \ n. In order to suit 
1 + 6 ^ n < 126, we need b > 12 * 1 7 * 23 , that is b ^ 176. As to the 21st column, in this 
condition, 23w o-( 1+& ) = 21, that is 21n - (1 + b) = 21 * 12. Taking module of 23 on the 
both sides, we get k = (mod 23), which contradicts our assumption in Theorem 1. In 
summary, we can say that when b ^ 176, f b (12z) cannot be lacunary. □ 

Now, in order to prove Theorem 1, we only need to check the lacunarity of each case 
of b < 176 by computer. The method is to check whether /b(12z)|T 23 (or T 47 , when 
23 1 £») is zero. At last we find that fb(l2z) cannot be lacunary except b = 1, 2, 3, 4 or 16. 
We will prove those five cases in Proposition 4.1. Theorem 1 is proved. 



4. Computation when b = 1, 2, 3, 4, 16 

When b=l,2,3,4,16, fb(z) is lacunary. So it can be expressed as a linear combination 
of CM forms. We list these specific expressions in Proposition 4.1: 
Proposition 4.1 

(1) b = 1; f b (6z) = V (6z) A = ip K , c (z) e 5 2 (r (36)), where K = Q(yf=3), f c = 
(2\/— 3). This can be found in [1]. 

(2) b = 2; f b (Az) = ?7(4z) 2 77(8z) 2 = <p KtC (z) E S 2 (F (32)), where K = Q(v^l), 
/ c = (2(l + i)). 

(3) b = 3; f b (3z) = V (3z) 2 V (9z) 2 = <p KtC (z) G 5 2 (r (27)), where K = Q( v / =3), 
fc = (3). 

(4) b = 4; f b (12z) = V {l2zf V (Ar2,z) 2 = \{<p K ,c-{z) - <Pk, c+ (z)) e S 2 (T (57Q)), where 
tf = Q(V=I),/ c = (12). 

(5) b = 16; f b (12z) = 77(12z) 2 77(16 • 12^) 2 = ^(^ 603 - ^203) - i^gSy ^rao - ^130 + 
^310 — ^310) e <S , 2(ro(144 • 16)), where ip 603 and <^ 2 03 are associated to K — Q(\/— T), 
f c = (24), and tp 130 , ip' 130 , Lp 310 , (p' 3W are associated to K = Q(v /= 6), fc = (4 v / ^6)- 

Proof First we need to compute the specific Hecke character on each case. On case 
(2), the hecke character c is defined as follows: choose a + bi to be primary, that is, 
if b = (mod 4), then a = 1 (mod 4); if 6 = 2 (moo? 4), then a = 3 (moo? 4). Then 
c((a + bi)) = a + bi. On case (3), the hecke character c is defined as follows: choose a + bcu 
to be primary, that is, a = 2 (mod 3), b = (moo? 3). Then c((a + 6a;)) = — (a + 6a;). 
On case (4), the hecke character c+ and c_ is defined as follows: choose a + bi to be 
primary, a + bi = (1 — i) u (mod 3), w = 0, 1, . . . , 7, and a + bi = (—1 + 2i)" (moo? 4), 
u = 0, 1. Then c+((a + 6i)) = i u ■ (—l) v ■ (a + bi), c_((a + 6i)) = (-i) u ■ (-1)'" ■ (a + bi). 
Case (5) is a little bit complicated. To (p eos and ^203; the hecke character c 603 and 
c 20 3 are defined as: choose a + bi to be "standard", which means a + bi = 1,2 + 
i, 3 + 4i, 2 + 3i, 4 + i, -1 - 2i, 3i, or - 3 - 2i (moo? 8), if a + 6i = (1 - i) u (mod 3), 
u = 0, 1, . . . , 7, and a + bi = (2 + if(4 + i) w (moo? 8), u = 0, 1, 2, 3, w = 0, 1, 2, 3. Then 
c rst (a + bi) = Q u ■ i sv ■ i tw ■ (a + bi), ( 8 = e~^. To ip 130 , ip' 130 , ip 3W , ip' 310 , the hecke 
character ci 30 , c' 130 , c 3W and c 310 are defined as: choose a + 6^/— 6 to be "standard", 
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which means a+b\/— 6 = 1, 1+^—6, 1 — y/— 6, 5, or t/te product of them {mod 4a/— 6), if 
0+6^^6 = (l + v^6) M -(l-v^6) ?, -5 ,i ', = 0, 1,2,3, w = 0,1. Then c rst (a+&v/^6) = 
. ^ . . ( a _)_ However, Q(-\/— 6) is not a Principal Ideal Domain, that 

means not every ideal in Q(\/— 6) is principal. Let 5 = (5, 2 + a/— 6) ■ (5, 2 — a/— 6), 
and denote (5, 2 + \/— 6) as a. Every non-principal ideal plus a should be a principal 

ideal because Q(\/^6) has Class Number 2. Let c(a) = a/c(« 2 ) = \J~c{— ~l+~2y/^E), 

and c'(a) = — ^ c(— 1 + 2-\/— 6). That would make the definition explicit. 
Next we will verify the above result by Sturm's Theorem [7]: 

Sturm's Theorem Suppose that N is a positive integer, p is prime, and f(z), g(z) G 

M fc (r (iV),x)nz[[g]]. if 

ord p (f(z) - g(z)) > ^[SL 2 (Z) : T (N)} 

in which 

[SL 2 (Z) : r (N)} = N J] (1 + 1) 

£ prime:£\N 

then /(z) = g(z) (mod p). 

Case (1)(2)(3) is trivial, because they are in one-dimension linear spaces. To case (4) 
and (5), although it is very complicated to get the above result, it is relatively easy to 
check it. By Sturm's Theorem, we only need to verify the first 192 and 768 coefficients, 
which are listed in appendix 2 and appendix 3. □ 

Here we make an example to show how to compute the coefficients of the case 
b = 16. Let n = 29645 = 5 * 7 2 * ll 2 . Denote <p uvw = J2 a uvw(n)q n , and <p' uvw = 
£<C»<f ■ 5 = (2 + - 2i) in Q(y^T), so a 603 (5) = 2, a 203 (5) = -2. By 

the formula a(p r ) = a(p)a(p r ~ 1 ) — p ■ a(p r ~ 2 ), we can get a603(49) = a203(49) = —7, 
0503(121) = 0203(121) = -11, so a 603 (n) = 2*7*11, a 2 m{n) = -2 * 7 * 11. Next, 
5 = (5, 2 + v^6) • (5, 2 - v^6) in Q(v^6), so a 130 (5) = o 3 io(5) = 6 ~ 2 ^L , o' 130 (5) = 

V 1-2V-6 

a' 310 (5) = — -^=^=L. There are three ideals whose norm are 49: (—5 + 2v^6), 

(-5 - 2v^6) and (7), so a 130 (49) = a' 130 (49) = a 3K ,(49) = a 310 (49) = 17. There 
are also three ideals whose norm are 121: (5 + 4^—6), (5 — 4^—6) and (11), so 
ai3o(121) = a' 130 (121) = a 310 (121) = a' 310 (121) = 21. So a 130 (29645) = a 310 (29645) = 
17 * 21 * ^==, a' 130 (29645) = a' 310 (29645) = -17 * 21 * ^===- p ut all these data 

in the formula, we get a(29645) = |(7 * 11 — 17 * 21) = —70. Verifying it by directly 
computing with computer, we can see this is the right result. 
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Appendix 1 

This is the first 1000 coefficients of Y\™ =1 (1 -<?™) 2 = £n=i K n )Q n - The first row - from 
left to right, are 6(1), 6(2), . . ., 6(23), the second row are 6(24), 6(25), . . ., 6(46), and so 
on. We can see that in the first six rows, except for the 21st column, there are at least 
two numbers not equal to zero in each column. That's just what we need in Lemma 
3.3. 
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Appendix 2 

Let U(12z) = £)a(ra)g n , and (p K ,c+(z) = E & W<f\ <Pk,c-(z) = E c ( n )<?™- By propo- 
sition 4.1(4), we only need to verify a(n) = |(c(n) — b(n)). 

We omit those n that 2|n or 3|n, because those coefficients are all zero. 
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Appendix 3 

Let /i 6 (12z) = XXX></\ andy9 603 (2:) = E & i(™)<f , ^203(2) = EM n )<7 n ; ^^p^ 130 
Eci(n)g n , ^^^iso^HE^H?", ^2^ ^310 (^) = Ec 3 (n)g n , ^"^V aiofc) 

E c 4( n )<? n - Denote = £■ By proposition 4.1(5), we need to verify that 

a(n) = {bi{n) - b 2 {n)) - ^ (ci(ra) - c 2 (n) + c 3 (n) - c 4 (ra)). 

We omit those n that 2|n or 3|n, because those coefficients are all zero. 

"*" means that because of the "minus" in the formula, "* — * = 0", so we don't need 
to compute these specific values. These case are: 

(1) If p — (a + hi) is an ideal in Q( v / — T), 3|a or 3|fo, then c + (p) = c_(p). 

(2) If p is a principle ideal in Q(\f^6), then Ci 30 (p) = c' 130 (p), c 3 i (p) = c 310 (p). 
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